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The contact problem of a wheel having a small ﬂat, pressed onto an elastically similar half-plane, is considered. The
contact law and pressure distribution is found, for all angular positions of the wheel, i.e. for all orientations of the ﬂat
under quasi-static conditions, and the evolving distributions tracked out, as the wheel rotates.
 2006 Elsevier Ltd. All rights reserved.
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The problem to be studied is shown schematically in Fig. 1(a). A load-bearing wheel, for example a
rail-vehicle wheel, is assumed to have been ‘locked’ during severe braking, so that sliding action over
the rail has eﬀectively machined a distinct ‘ﬂat’ on its periphery. The braking action on the wheel has then
been removed or reduced, so that it is in rolling freely, but the presence of the discontinuity in surface
proﬁle will have a very damaging eﬀect on the rail as the wheel subsequently revolves. The object of this
paper is to provide a description of the eﬀect of the modiﬁed wheel geometry including, in particular, the
contact pressure spikes adjacent to the discontinuity in proﬁle,1 by studying, in detail, the contact problem
with the ﬂat positioned at arbitrary orientations. We will obtain a solution under quasi-static conditions,
in that not only must the rolling speed be much less than the wave speed, but also there is assumed to be
no change in vertical component of force associated with vertical acceleration, caused indirectly by the
presence of the ﬂat aﬀecting the contact compliance. The discontinuity in surface proﬁle, when it is present
within the contact, will produce one or two logarithmic singularities in the contact pressure at the ﬂat-0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.09.025
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1 A referee has pointed out that one might expect the eﬀect of sliding to be such that the contact region is machined to a proﬁle giving
constant contact pressure. This would presumably lead to a Lundberg type proﬁle (Lundberg, 1939) but would also lead to a formidably
complicated boundary value problem to solve as the wheel rotates.
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Fig. 1. (a) Schematic of a rolling wheel with a ‘‘ﬂat’’, and (b) contact geometries: (i) case I (emerging ﬂat); (ii) case II (buried ﬂat).
A. Sackﬁeld et al. / International Journal of Solids and Structures 44 (2007) 3304–3316 3305round transition point(s), as the wheel rotates. A further limitation, although it is not, in practice, unduly
restrictive, is that the solution is found within the context of a half-plane formulation. Clearly, the con-
tacting bodies have to be suﬃciently large, and the load suﬃciently moderate for the ‘Hertz’ solution to
apply, but, in addition, the ﬂat has to be a suﬃciently small fraction of the radius, for all orientations of
the wheel, for small strain theory to apply over a substantial fraction2 of the contact width. Flats arising
as a result of wheel-locking are likely to satisfy this requirement. A preliminary investigation of the prob-
lem, for the particular case when the ﬂat is parallel with the free surface of the half-plane, has already
been carried out (Sackﬁeld et al., 2006). Experience in solving that symmetrical, and therefore rather sim-
pler geometry, has permitted us to develop the more general solution, described here.2 Clearly, because there will always be a logarithmic singularity in the contact pressure at the discontinuity, local strains there will be
large, and beyond the scope of linear theory.
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In the real problem (Fig. 1(a)) the geometry might properly be speciﬁed in terms of the wheel radius, R, the
included angle of the ﬂat, w, and a coordinate specifying the angular position of the wheel, h, but, in the for-
mulation, it is preferable to use an alternative set of quantities in which the dependent and independent vari-
ables are eﬀectively exchanged. Two separate geometries will need to be considered; ﬁrst (case I), when the ﬂat
is just entering or leaving the contact, Fig. 1(b)(i), and hence breaks the free surface; and second (case II),
when the ﬂat is completely submerged, and therefore bordered by regions in which a parabola, approximating
the circular arc, deﬁnes the outer proﬁle, Fig. 1(b)(ii). In each case the contact is assumed to extend from
a + d to a + d, and the straight line segment representing the ﬂat is assumed to be at an angle / to the x axis.
The integral equation connecting the gradient of the relative surface proﬁle, dv/dx, to the contact pressure
distribution, p(x), is (Johnson, 1985; Hills et al., 1993)1
A
ov
ox
¼  1
p
Z aþd
aþd
pðnÞ
n x dt; ð1Þwhere, assuming the contacting bodies are elastically similar,A ¼ jþ 1
2l
; ð2Þwhere l is the modulus of rigidity, and j = 3  4m, m being Poisson’s ratio. For the problem where the ﬂat is
surface breaking, case I, the contact relative proﬁle, v(x), isv ¼ D x
2=2R; aþ d 6 x 6 b;
nD /x; b 6 x 6 aþ d;

ð3Þwhere D is the rigid body approach, and thereforev0I 
dv
dx
¼ x=R; aþ d 6 x 6 b;/; b 6 x 6 aþ d;

ð4Þwhere we note the discontinuity in displacement derivative at x = b.
For the problem where the ﬂat is buried, case II, the contact relative proﬁle, v(x), isv ¼
D x2=2R; aþ d 6 x 6 b;
nD /x; b 6 x 6 b2;
D x2=2R; b2 6 x 6 aþ d;
8><
>: ð5Þand thereforev0II 
dv
dx
¼
x=R; aþ d 6 x 6 b;
/; b 6 x 6 b2;
x=R; b2 6 x 6 aþ d;
8><
>: ð6Þwhere we note the discontinuity in displacement derivatives at x = b,b2. It should be noted here that both b
and b2 are kinematically determined by the rotation of the wheel. The length of the ﬂat is D.
3. Solution case I: emerging ﬂat
The contact pressure is bounded as x! ± a + d, and, even though we expect a singularity as x! b the
fundamental form of the solution required for inversion by the Riemann–Hilbert procedure is of the ‘bounded
both ends’ kind. To invert we writex ¼ asþ d; n ¼ at þ d; ð7Þ
and denote
A. Sackﬁeld et al. / International Journal of Solids and Structures 44 (2007) 3304–3316 3307p xðsÞð Þ ¼ rðsÞ;  1
A
ov
ox
¼ gðsÞ ð8Þso thatgðsÞ ¼ 1
A
as b; 1 6 s < c;
/; c < s 6 1;

ð9Þwherea ¼ a
R
; b ¼  d
R
; c ¼ b d
a
¼ b=Rþ b
a
: ð10ÞThen the singular integral equation (SIE) now reads1
p
Z 1
1
rðtÞdt
t  s ¼ gðsÞ ð11Þwith solution (Muskhelishvili, 1953; Hills et al., 1993)rðsÞ ¼ wðsÞ
p
Z 1
1
gðtÞ
wðtÞðt  sÞ dt ð12Þsubject to the ‘consistency’ conditionZ 1
1
gðtÞ
wðtÞ dt  0; ð13ÞwherewðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p
: ð14ÞAdditionally, a side condition must be imposed giving equilibrium normal to the surface, i.e. the contact law.
This isP ¼
Z aþd
aþd
pðxÞdx; ð15Þwhere P is the total normal contact load. We also ﬁnd the applied moment, M,M ¼
Z aþd
aþd
xpðxÞdx: ð16ÞThe ﬁrst step in the solution is to consider the consistency condition, Eq. (13), which can be re-written asZ c
1
at  bð Þ=A
wðtÞ dt þ
Z 1
c
/=A
wðtÞ dt  0: ð17ÞThis evaluates toawðcÞ þ b hþ p
2
 
¼ / p
2
 h
h i
; ð18ÞwherewðcÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
; h ¼ sin1ðcÞ ¼ cos1 wðcÞ: ð19ÞWe turn, now, to the inversion itself. The contact pressure is given byp xðsÞð Þ ¼ rðsÞ ¼ wðsÞ
p
Z 1
1
gðtÞ
wðtÞðt  sÞ dt
¼ wðsÞ
pA
Z c
1
at  bð Þdt
wðtÞðt  sÞ þ
Z 1
c
/dt
wðtÞðt  sÞ
 
ð20Þ
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pA
awðsÞ hþ p
2
h i
þ as b /ð ÞF s; cð Þ
n o
; ð21ÞwhereF ðs; tÞ ¼ ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
1þ s
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t
1þ t
q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s
1þ s
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t
1þ t
q


; s; t real: ð22ÞEvaluation of the equilibrium equation calls for comment. A direct substitution of the contact pressure solu-
tion into Eq. (15) leads to complex integrals. However, following the general results in Appendix A, we can
writeP
a
¼
Z 1
1
tgðtÞ
wðtÞ dt; ð23Þi.e.P
a
¼
Z c
1
t at  bð Þ=A
wðtÞ dt þ
Z 1
c
t/=A
wðtÞ dt
 	
: ð24ÞNow Z
t2 dt
wðtÞ ¼
1
2
sin1ðtÞ  twðtÞ
 þ C: ð25ÞThereforePA
R
¼ a
2
a
p
2
þ h cwðcÞ
h i
þ 2 bþ /ð ÞwðcÞ
n o
: ð26ÞAnalogously for the ﬁrst moment we haveM ¼ Pd  a2
Z 1
1
t2gðtÞ
wðtÞ dt: ð27ÞThusM ¼ Pd  a2
Z c
1
t2 at  bð Þ=A
wðtÞ dt þ
Z 1
c
t2/=A
wðtÞ dt
 
: ð28ÞUsing Eq. (29)
Z
t3 dt
wðtÞ ¼ 
2þ t2ð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 t2
p
3
þ C ð29Þtogether with the consistency condition, Eq. (18), we obtainZ c
1
t2 at  bð Þ=A
wðtÞ dt þ
Z 1
c
t2/=A
wðtÞ dt
¼  awðcÞ 2þ c
2ð Þ
3
 b
2
p
2
þ h cwðcÞ
 
þ /
2
p
2
 hþ cwðcÞ
 
¼ 1
6
3 bþ /ð ÞcwðcÞ  awðcÞ 1þ 2c2 
 : ð30ÞThereforeMA
R2
¼  PA
R
b a
2
6
3ðbþ /ÞcwðcÞ  awðcÞ 1þ 2c2  : ð31Þ
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The contact pressure is again bounded as x! ± a + d, and, even though we now expect a singularity as
x! b and b2. To invert we write Eq. (8), where now g(s) is given by:gðsÞ ¼ 1
A
as b; 1 6 s < c;
/; c < s < c2;
as b; c2 < s 6 1;
8><
>: ð32Þwherea ¼ a
R
; b ¼  d
R
; c ¼ b=Rþ b
a
; c2 ¼ b2=Rþ ba : ð33ÞThe solution will be obtained following the same steps adopted for the emerging case. The ﬁrst step in the
solution is to consider the consistency condition, Eq. (13), i.e.Z c
1
at  bð Þ=A
wðtÞ dt þ
Z c2
c
/=A
wðtÞ dt þ
Z 1
c2
at  bð Þ=A
wðtÞ dt  0: ð34ÞThis evaluates toa w c2ð Þ  wðcÞ½  þ /þ bð Þ h2  hð Þ ¼ bp; ð35Þ
whereh ¼ sin1ðcÞ; h2 ¼ sin1 c2ð Þ: ð36Þ
From Eq. (12), the pressure can be calculated aspðxðsÞÞ ¼ wðsÞ
p
Z c
1
at  bð Þ=A
wðtÞðt  sÞ dt
þ
Z c2
c
/=A
wðtÞðt  sÞ dt þ
Z 1
c2
at  bð Þ=A
wðtÞðt  sÞ dt
8>><
>>:
9>>=
>>;
ð37Þwhich can be re-written aspðxðsÞÞ ¼  wðsÞ
pA
Z c
1
aðt  sÞ þ as b½ 
wðtÞðt  sÞ dt
þ
Z c2
c
/
wðtÞðt  sÞ dt þ
Z 1
c2
aðt  sÞ þ as b½ 
wðtÞðt  sÞ dt
8>><
>>:
9>>=
>>;
¼ wðsÞ
pA
a
Z c
1
dt
wðtÞ þ as bð Þ
Z c
1
dt
wðtÞðt  sÞ
þ
Z c2
c
/dt
wðtÞðt  sÞ þ a
Z 1
c2
dt
wðtÞ þ as bð Þ
Z 1
c2
dt
wðtÞðt  sÞ
8>><
>>:
9>>=
>>;
: ð38ÞSinceZ 1
1
dt
wðtÞðt  sÞ ¼ 0;
Z 1
1
dt
wðtÞ ¼ p; ð39ÞZ c2
c
dt
wðtÞ ¼ h2  h; ð40Þand Z
dt
wðtÞðt  sÞ ¼
F ðs; tÞ
wðsÞ þ C ð41Þwe obtainp xðsÞð Þ ¼ 1
pA
awðsÞ h2  h pð Þ þ as b /ð Þ F s; c2ð Þ  F ðs; cÞ½ f g: ð42Þ
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a
¼ 
Z c
1
t at  bð Þ=A
wðtÞ dt þ
Z c2
c
t/=A
wðtÞ dt þ
Z 1
c2
t at  bð Þ=A
wðtÞ dt
 	
: ð43ÞUsing the resultZ
t2 dt
wðtÞ ¼
1
2
sin1ðtÞ  twðtÞ
 þ C; ð44Þand after some manipulation, we obtainPA
R
¼ a
2
a h2  h p c2wðc2Þ þ cwðcÞ½  þ 2 /þ bð Þ wðc2Þ  wðcÞ½ f g: ð45ÞLet us now consider the ﬁrst momentM ¼ Pd  a2
Z 1
1
t2gðtÞ
wðtÞ dt ð46Þand the integralZ 1
1
t2gðtÞ
wðtÞ dt ¼
Z c
1
t2 at  bð Þ=A
wðtÞ dt þ
Z c2
c
t2/=A
wðtÞ dt þ
Z 1
c2
t2 at  bð Þ=A
wðtÞ dt: ð47ÞNoting that,Z
t2 dt
wðtÞ ¼
1
2
sin1ðtÞ  twðtÞ
 þ C;
Z
t3 dt
wðtÞ ¼ 
2þ t2ð ÞwðtÞ
3
þ C; ð48Þwe haveZ 1
1
t2gðtÞ
wðtÞ dt ¼
1
6A
2a 2þ c22
 
w2  2þ c2ð ÞwðcÞ

 þ 3/ h2  c2wðc2Þ  h1 þ cwðcÞ½ 
3b p h2 þ c2wðc2Þ þ h cwðcÞ½ 
 
¼ 1
6A
2a 2þ c22
 
wðc2Þ  2þ c2ð ÞwðcÞ

 þ 3/ c2wðc2Þ þ cwðcÞ½ 
3b pþ c2wðc2Þ  cwðcÞ½  þ 3 /þ bð Þ h2  hð Þ
 
: ð49ÞUsing the consistency condition, Eq. (35), we obtainMA
R2
¼  PA
R
b a
2
6
a wðc2Þ 1þ 2c22
  wðcÞ 1þ 2c2ð Þ
 
þ3 /þ bð Þ c2wðc2Þ þ cwðcÞ½ 
 
: ð50Þ5. Interpreting the solution
The above sections formally present solutions to the two contact problems posed, but the form in which they
are expressed is not ideal, because the independent variables deﬁne the contact, and these are, in reality, output
variables, whilst the dependent variables, such as the applied load and moment are, in the physical problem, the
independent variables. The next phase is therefore to exchange the dependent and independent variables.5.1. Case I: emerging ﬂat
In this part of the solution, P, A, R, /, D are assumed given, and the output are the values of a, b and d.3
Together with the solution of the integral equations governing the problem, kinematic conditions need to be
considered at this stage. Of course the contact is a classical Hertzian problem before the ﬂat interacts with thete that all the length dimensions will be normalised by R in the following paragraphs.
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patch, aH, assuming that the contact is Hertzian with no ﬂat, is given byaH
R
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
p
PA
R
r
: ð51ÞNow, we need to determine the value of / at which the ﬂat portion enters the contact. Simple geometric con-
siderations allow us to write this initial angle, /in, as/in ¼
p
2
þ sin1 D
2R
 
 cos1 aH
R
 
: ð52ÞFurther, the position of the ﬁrst edge of the ﬂat entering the contact (b/R) is kinematically linked to the rota-
tion of the wheel (and hence to /), and to the normalised ﬂat length (D/R), by the following:b
R
¼ cos1 p cos1 D
2R
 
 /
 	
: ð53ÞThese are useful results, because, if we ﬁrst choose PA/R which, for practical purposes, is the dimensionless
load, and D/R, which is the dimensionless size of the ﬂat, by letting / roam the interval [/in /b], where /b is
the angle formed by the ﬂat and the half-plane when the second edge of the ﬂat is on the point of entering the
contact, we can ﬁrst ﬁnd the corresponding location of the round/ﬂat transition point, b/R, from Eq. (53) and
then use Eqs. (18) and (26) to determine the other two unknowns a/R and d/R. Note that these two equations
constitute a non-linear system of equations in that they are very implicit functions of the unknowns. Therefore
simple numerical iterative schemes are required for the solution of the problem. Furthermore, /b can be deter-
mined from the given equations as the angle at which a/R + d/R = b2/R, whereb2
R
¼ b
R
þ D
R
cos/ ð54Þfrom obvious kinematic considerations. The value of the normalised ﬁrst moment is then evaluated by the
means of Eq. (31).
5.2. Case II: buried ﬂat
The solution to this part of the problem follows very closely that for the emerging ﬂat. Here, by letting /
roam the interval [/b 0] (the latter denoting when the ﬂat lies parallel with the free surface, and therefore the
point where the solution becomes symmetrical), and knowing PA/R and D/R, we can ﬁrst ﬁnd b/R and b2/R
from Eqs. (53) and (54), respectively, and then adopt Eqs. (35) and (45) to determine a/R and d/R, again as the
unique solution of the non-linear system constituted by these two equations. The value of the normalised ﬁrst
moment is then evaluated by the means of Eq. (50).
6. Example problem: results
Fig. 2 tracks out the key behaviour of the problem. It is necessary to choose the dimensionless load and ﬂat
size, and here we have chosen PA/R = 0.01 and D/R = 0.05. The latter is a realistic ﬂat size, and the dimen-
sionless load chosen corresponds to aHR ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:02
p
q
¼ 0:0798. The Figure should be interpreted by considering,
ﬁrst, the extreme most right hand point on the Figure, which corresponds to the point where the ﬂat is about
to enter the contact, and the Hertz description still applies. Note that three curves are provided: ﬁrst, a/R (the
diamonds) which gives the absolute half-width of the contact. It will be seen that, as the wheel rotates and the
ﬂat begins to enter the contact (/ decreasing), the contact size initially decreases in size, compared with the
Hertz solution, but then it gets bigger, exceeding its initial size by about 4% by the time the whole of the ﬂat
starts to enter the contact. At this point the contact size decreases sharply, and recedes monotonically to a
value just slightly bigger than the Hertz value by the time the ﬂat is parallel with the free surface. Attention
is drawn to the false origin of the ordinate. Second, the triangle marks denote the coordinate of the left hand
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Fig. 2. Normalised contact lengths for the example problem: D/R = 0.05, PA/R = 0.01.
3312 A. Sackﬁeld et al. / International Journal of Solids and Structures 44 (2007) 3304–3316contact coordinate (recall, with respect to the centre of the wheel) and this hardly changes at all during the
relevant part of the rotation. On the other hand, the squares, which denote the position of the right hand con-
tact edge (the entry side for the ﬂat) show a marked change and, because the left hand contact edge remains
virtually stationary in this frame of reference, it shows a characteristic variation which is just about twice that
exhibited by the overall half-width – thus it ﬁrst drops by about 8% and then it increases to a value about 8%
above the Hertz ﬁgure, at the point where the ﬂat starts to submerge, and ﬁnally, by the time the ﬂat is parallel
with the free surface it is more or less at its initial value. As the problem has inherent symmetry when / is
negative, this aspect of the problem will not be treated.
We turn, now, to the turning moment applied to the wheel. When the circular arc is in contact motion is
conservative, and no turning force is required. As the ﬂat starts to enter the contact a clockwise moment is
needed, Fig. 3, i.e. work has to be done in order to turn the wheel, initially, but decreases to zero by the time
the contact is again centred under the wheel axis (/  0.068 radians, Fig. 2). At rotations beyond this work is
extracted from the contact, and shows a peak at the point of ﬂat submergence; from then on the amount of50-E.8-
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Fig. 3. Normalised moment for the example problem: D/R = 0.05, PA/R = 0.01.
 
 
Fig. 4. Pressure distributions evolution during the rotation: from Hertz (A) to ﬂat entirely submerged and parallel to the half-plane (H).
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accomplished quasi-statically then the process would, in principle, require no net input of work, i.e.R
Mð/Þd/ ¼ 0 over the period when the ﬂat is in contact.
Lastly, Fig. 4 displays the contact pressure distribution during various stages of the rotation. The inset to
the Figure is a reduced version of Fig. 2, and provides a key to curves. First, note that the abscissa gives the
pressure plotted on a ﬁx scale centred on a line through the wheel centre, so that the pressure shifts about dur-
ing rotation of the wheel, in the manner described and portrayed in Fig. 2; this adds somewhat to the diﬃculty
in reading the Figure. Curve A is the contact pressure for the Hertzian contact; it is therefore a semi-ellipse,
and is centred directly beneath the wheel axle. Curves B, C, D are the regime when one end only of the ﬂat lies
within the contact (the ‘emerging’ regime), and these show single logarithmic pressure (see also Sackﬁeld et al.,
2005) spikes progressing across the contact patch. In fact, point D represents the point at which the ﬂat is
about to become fully submerged, and, during subsequent motion, the ﬁrst spike continue to progress towards
the left whilst a second spike enters the Figure (curves E, F, G). Finally, curve H is the contact pressure dis-
tribution when the ﬂat is parallel with the contact surface. This solution is consistent with that already found
(Sackﬁeld et al., 2006), in every respect.7. Conclusion
The evolving contact pressure has been found for a rotating wheel having a short ‘ﬂat’, within the lim-
itations of quasi-static half-plane elasticity theory. This shows that the contact patch hunts forwards and
backwards during each half-cycle of contact rotation – that is during passage of the ﬂat it ﬁrst moves
forwards, (with respect to a centreline through the axle), then backwards, then to a centred position when
the ﬂat is ‘horizontal’ (at the mid point of the cycle), then forwards, and backwards for a last time before
returning to the mid position at exit of the ﬂat. This produces a resultant line of action of the contact
normal loads which hunts in an equally complex way with respect to the centreline, and means that the
motion is, overall, conservative; to achieve this in practice might, of course, be quite diﬃcult. Note, too,
that, because a half-plane formulation is used it is not possible to determine the change in normal rigid
body displacement during rotation, and hence it is not possible to estimate any normal inertia force
developed during transit of the ‘ﬂat’. Nevertheless, the nature of progression of the pressure spikes has
been faithfully tracked, and their magnitude (the multiplier on the logarithmic term) could be found
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Substituting for q(x) in (1) gives the SIE of the second kind for p(x) in terms of h 0(x) h
0ðxÞ
A
¼ 1
p
Z b
a
pðfÞ
f x df: ð55ÞIt is useful in order to make use of standard results to translate the contact region onto the range (1,1), so
make the substitutionsf ¼ ct þ d; x ¼ csþ d ð56Þ
so that in terms of s the contact range is 1 < s < 1, and writepðxÞ ¼ rðsÞ;  h
0ðxÞ
A
¼ gðsÞ ð57Þthen the SIE readsbfrðsÞ þ 1
p
Z 1
1
rðtÞ
t  s dt ¼ gðsÞ: ð58ÞA general solution of this equation, suﬃcient to cover our needs, isrðsÞ ¼ sin2 kp bfgðsÞ  X ðsÞ
p
Z 1
1
gðtÞdt
X ðtÞðt  sÞ  C
  	
; ð59Þwhere C is an arbitrary constant which must satisfy two conditions and this therefore puts a constraint on g(s).
WriteC ¼
Z 1
1
gðtÞdt
X ðtÞðt þ 1Þ and C ¼
Z 1
1
gðtÞdt
X ðtÞðt  1Þ : ð60ÞSubtracting these two equations gives
Z 1
1
gðtÞdt
wðtÞ ¼ 0; ð61Þwhere nowwðsÞ ¼ 1 s2 1=2: ð62Þ
The condition (61) is the ‘consistency condition’ on g(s). By adding in an appropriate proportion of this con-
dition we can arrive atX ðsÞ
p
Z 1
1
gðtÞdt
X ðtÞðt  sÞ  C
 
¼ wðsÞ
p
Z 1
1
gðtÞdt
wðtÞ t  sð Þ : ð63Þ
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We require to evaluateP ¼
Z b
a
pðxÞdx; ð64Þi.e.P ¼ c
Z 1
1
rðsÞds: ð65ÞSubstituting in the general expression (59) for r(s) givesP
c sin2 kp
¼
Z 1
1
bfgðsÞ  X ðsÞ
p
Z 1
1
gðtÞdt
X ðtÞðt  sÞ  C
  	
ds: ð66ÞNow Z 1
1
X ðsÞ
p
Z 1
1
gðtÞdt
X ðtÞðt  sÞ  C
 
ds ¼ 1
p
Z 1
1
gðtÞ
X ðtÞ 
Z 1
1
X ðsÞ
s t ds
 
dt  C
p
Z 1
1
X ðsÞds ð67Þand, after considerable manipulation this gives thee nice simple resultP ¼ cC sin kp: ð68Þ
Here, because we have a ‘bounded both ends’ solutionC ¼
Z 1
1
gðtÞdt
X ðtÞðt þ 1Þ and C ¼
Z 1
1
gðtÞdt
X ðtÞðt  1Þ ð69Þgiving rise to the consistency conditionZ 1
1
gðtÞdt
X ðtÞ 1 t2ð Þ ¼ 0; ð70Þ
X ðsÞ ¼ 1 s2 1=2: ð71Þ
Thus by incorporating an appropriate proportion of the consistency condition in we can write, e.g.P ¼ c sin kp
Z 1
1
1 tð ÞgðtÞ
wðtÞ dt; wðtÞ ¼ 1 t
2
 1=2
: ð72ÞA.2. The moment M
We haveM ¼
Z b
a
xpðxÞdx ð73ÞsoM ¼
Z 1
1
csþ dð ÞrðsÞcds ¼ dP þ c2
Z 1
1
srðsÞds: ð74ÞNowrðsÞ ¼ sin2 kp bfgðsÞ  X ðsÞ
p
Z 1
1
gðtÞdt
X ðtÞðt  sÞ  C
  	
; ð75Þ
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p
Z 1
1
sX ðsÞ
Z 1
1
gðtÞdt
X ðtÞðt  sÞ
 
ds ¼  1
p
Z 1
1
gðtÞ
X ðtÞ
Z 1
1
sX ðsÞ
s t ds
 
dt: ð76ÞHere we writewðsÞ ¼ X ðsÞ 1 s2  ¼ 1 s2 1=2
and note that there is a consistency conditionZ 1
1
gðtÞdt
wðtÞ ¼ 0: ð77ÞAlso we haveP ¼ c sin kp
Z 1
1
ð1 tÞgðtÞ
wðtÞ dt:ThusM ¼ Pd þ c2
Z 1
1
1 s2ð ÞgðsÞ
wðsÞ ds: ð78ÞReferences
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